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ON T H E  

The effect of the adiabatic exponent on cer ta in  features of shock-wave reflection is 
analyzed with par t icular  r e f e r e n c e  to the nature of the dependence of the cr i t ical  
angle on the incident wave intensity. The la t ter  is shown to increase  with increasing 
shock-wave intensity. Limit  cases of weak shock waves at any a rb i t r a ry  adiabatic 
exponent and of s t rong shock waves with the adiabatic exponent equal to unity are  
analyt ical ly investigated. Results of calculations of the cri t ical  angle for various 
adiabatic exponents throughout the possible range of incident wave intensities are  
presented.  

1. The reflection of a shock wave f rom another or  f rom a contact discontinuity (including a wall) 
depends on the adiabatic exponent, par t icu lar ly  when the wave is sufficiently strong. 

To simplify theoret ical  considerat ion of certain aspects  of this problem the medium is assumed to 
be perfect ,  so that its equation of state together with the Rankin-Hugoniot adiabatic equation can be written 
as 

pV 2 (p~ -- po) (Vo + V~) 
~,=  ~v~_.; . -  t + - F  = t + T = (2,~ + po) (Vo - v~) - (1 .1)  

Here the notation is e i ther  obvious, or will be explained in the following : subscr ip ts  0 and 1re la te  
to the state of the medium inf ront  of and behind the shock, respect ively,  and it is assumed that ~/1 = T0 or  

f t  =fo. 

The s t ruc ture  of the shock, whose width is assumed to be zero,  is disregarded,  i.e., dissipative ef -  
fects,  such as viscosi ty,  thermal  conductivity, etc.,  a re  neglected. In this formulation the assumption of 
absence of heat exchange with the wall becomes superfluous.  

In spite of this idealization of the medium it is reasonable to expect the results  of this analysis to be 
valid not only for media having various T = const but, also, for  those with varying adiabatic exponents. 
This, for example ,  is to be expected under conditions in which an approximating substitution of a certain 
mean value for a variable y is acceptable.  However, since compress ion  of a medium by a s trong shock 
wave depends only on its specific heat behind the shock, the problem is virtually reduced to the case  of 
~/= const. 

2. The s implest  explanation of the existence of adiabatic exponents of various magnitudes is p r o -  
vided by the assumption that 2/(T - -1)  = f  is the number  of degrees of f reedom of the medium mole-  
cules in the so-ca l led  equidistribution approximation [1], according to which par t  of the possible de-  
grees  of f reedom is unconstrained and the res t  totally constrained,  frozen.  In this approximation f may 
be, general ly  speaking, any of the ser ies  of natural numbers .  Proper t i es  of a real  gas are ,  however,  be t ter  
approximated by the assumption of a continuous set of possible values o f f  or  T, while formal ly  maintain-  
ing the "equidistribution" concept. 
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In o ther  words ,  we a s s u m e  that 1 <<f << ~.  

The  t r a d i t i o n a l  c a s e s  a re  f = 3 (all d e g r e e s  of t r a n s l a t i o n a l  f r e e d o m  uncons t r a ined )  and f = 5 (plus 

two d e g r e e s  of r o t a t i o n a l  f r eedom) .  

With i n c r e a s i n g  t e m p e r a t u r e s  and d e c r e a s i n g  dens i t i e s  u n c o n s t r a i n e d  degrees  of f r e e d o m  of o s c i l l a -  
t ion b e c o m e  impor t an t ,  i . e . ,  with f ~ 7 in the case  of d ia tomic  mo l e c u l e s  (since the e n e r g y  of o sc i l l a t i ons  
c o n s i s t s  of k ine t i c  and  poten t ia l  componen t s ) .  The omi t t ed  va lue  of f=6 r e l a t e s  to any s u b s t a n c e  r a d i a t -  
ing at su f f i c i en t ly  high t e m p e r a t u r e  and,  m o r e  p r e c i s e l y ,  to an u i t r a r e l a t i v i s t i c  gas. 

In a i r  and o ther  gases  within c e r t a i n  r a n g e s  of shock ve loc i t i e s  d i s soc i a t i on  and  ioniza t ion  lead to 
m a x i m u m  va lues  of f ,  i .e . ,  m i n i m u m  % F o r  example ,  the shock  wave ve loc i ty  D = 16 k m / s e c  in an a t -  
m o s p h e r e  of a dens i ty  10 -6 of the s t a n d a r d  dens i ty  of a i r  at  210 ~ (an a l t i tude  of 97 kin) c o r r e s p o n d s  to 
f = 21.3 or  T = 1.09. Hence  the i n t e r e s t  in the a sympt o t i c ,  "Newtonian," va lue  of T = 1 when f ~ co. 

C o n t r a r y  to S o m m e r f e l d ' s  a s s e r t i o n  [2] the va lues  f = 2 and f = 1 can a l so  be s u b s t a n t i a t e d  on p h y s i -  
cal  g rounds .  The case  of f = 2 or  ~/= 2 could be p o s s i b l y  i n t e r p r e t e d  as  one of total  s u p p r e s s i o n  of one 
degree  of t r a n s l a t i o n a l  f r e e d o m  of e v e r y  cha rged  p a r t i c l e  in an ion ized  gas s lowing  a c r o s s  f rozen  magne t i c  
f ie ld  l i ne s .  The second  degene ra t ed  ca se  of f = 1 or  T = 3 c o r r e s p o n d s  to the s u p p r e s s i o n  of two deg rees  of 
t r a n s l a t i o n a l  f r e e d o m  of gas  m o l e c u l e s  f lowing in the d i r ec t ion  of magne t i c  f ie ld  l i nes .  

We would s t r e s s  that this  i n t e r p r e t a t i o n  of f = 1 (~/ - 3) and f = T = 2 has a def in i te  m e a n i n g  in the 
ca se  of o n e - d i m e n s i o n a l  flows only (plane, c y l i n d r i c a l  and s p h e r i c a l  shock  waves).  

It is d e s i r a b l e  to inves t iga te ,  in addi t ion  to the [behav io r  of] ionized  gas in a magne t i c  f ield,  the v a -  
l id i ty  of f = 1 for  n o n u n i v a r i a t e  r e f l e c t i on  of a shock wave in the "Landau-S tanyukov ich  gas"  [3] in the 
s c a t t e r e d  p roduc t s  of chemica l  exp los ives ,  whose u n i v a r i a t e  mot ion  is  s a t i s f a c t o r i l y  idea l i zed  by a s s u m i n g  

= 3). 

3. Before  c o n s i d e r i n g  the effect  of the ad iaba t i c  exponent  on the "oblique" r e f l ec t ion  of shock waves ,  
let  us take note  of the p r o p e r t i e s  of " n o r m a l "  r e f l ec t ion  a c c o r d i n g  to the law (f i rs t  e s t a b l i s h e d  by Hugoniot  
in 1885) 

p~ f ~- 3 - -  (pc / P~) [ i  ~ pc-lAp (Ap , ~  pc) 
pV - - { ~- - (77i -Y p - ~ i  = ~t i + 3 (ap>~po) 

(3.1) 

which c l e a r l y  shows the in f luence  of the ef fec t ive  n u m b e r  of deg rees  of f r e e d o m  on the r e f l ec t ion  of s t r o n g  
s h o c k -  a n e f f e c t w h i c h i s  a b s e n t  in the r e f l ec t i on  of weak shocks .  While ind iv idua l  p r o p e r t i e s  of gas do not 
(in this  app rox ima t ion )  affect  the r e f l ec t i on  of weak shocks ,  the de tec t ion  of r e f l ec t ion  of a s t r o n g  shock  
makes  pos s ib l e  to d e t e r m i n e  without d i f f icul ty  the equat ion  of s ta te  of a med ium.  In the t r i v i a l  c a se  of a 
pe r f ec t  gas it is  su f f ic ien t  to d e t e r m i n e  (in the s y s t e m  of c oo r d i na t e s  of the u n p e r t u r b e d  med ium)  the ve -  
l o c i t i e s D o a n d  D I of the inc ident  and the r e f l ec t ed  waves ,  r e spe c t i ve l y .  The Mach n u m b e r  of a r e f l ec t ed  
s t r o n g  inc iden t  wave is ( f  + 2)J2; hence  

2Do i 
/ - -  D1 

o r  

Do __f+ l 
t%D1"( 2 ~ f o r _ i ~ ] < ~ .  (3.2) 

The law of t e m p e r a t u r e  v a r i a t i o n  beh ind  a r e f l ec t ed  shock 

2~-~-7~ = 2 i ' 8 

is  l e s s  s e n s i t i v e  to the ad iaba t ic  exponent ,  i . e . ,  to f .  

(3.3) 
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M e a s u r e m e n t s  of v e l o c i t i e s  of the  inc iden t  and r e f l e c t e d  
shocks  p r o v i d e  the n e c e s s a r y  m i n i m u m  of i n f o r m a t i o n  f o r  the f o r -  
m u l a t i o n  of the  equa t ion  of s t a t e  of a m e d i u m .  The  m o s t  c o m p l e t e  
i n f o r m a t i o n  on the t h e r m a l  s t a t e  of a m e d i u m  in mot ion  would be  
p r o v i d e d  by  me thods  of quan tum op t i c s  a p p l i e d  to the  d i r e c t  d e t e r -  
m i n a t i o n  of the  v e l o c i t y  d i s t r i b u t i o n  of gas  m o l e c u l e s  in the  h y d r o -  
d y n a m i c  v e l o c i t y  f i e ld .  

4. S y s t e m a t i c  t h e o r e t i c a l  and e x p e r i m e n t a l  i n v e s t i g a t i o n s  of 
the d e p e n d e n c e  of the  c r i t i c a l  i n c i d e n c e  ang le  of a shock  wave  (be-  
yond a , ,  a r e g u l a r  r e f l e c t i o n  is i m p o s s i b l e )  on the  wave  i n t e n s i t y  
was ,  unt i l  r e c e n t l y ,  conf ined  to  Y = 1.4, a l though  l a t e r  p u b l i c a t i o n s  
[4, 5] p r o v i d e  c e r t a i n  da ta  on the  [ funct ional]  de pe nde nc e  a , ( T )  in 
s t r o n g  s h o c k  w a v e s ,  a s  wel l  a s  g e n e r a l  c o n s i d e r a t i o n s  on the  e f fec t  
of the  a d i a b a t i c  exponent  on the  p a t t e r n  of Maeh r e f l e c t i o n .  (See V. 
A.  B e l o k o n ' ,  " P r o b l e m s  of p h e n o m e n o l o g i e a l  and  s t a t i s t i c a l  t h e r m o -  

d y n a m i c s  of s h o c k  waves , "  d i s s e r t a t i o n  O P M - I P M ,  1964-1967. )  The u s e  of e x p e r i m e n t a l  v a l u e s  of a ,  f o r  
the  d e t e r m i n a t i o n  of the  equa t ion  of s t a t e  of a m e d i u m  ( t r iv ia l  in the  c a s e  of f = cons t )  was s u g g e s t e d  in 
[6]. One of the  s u b t l e t i e s  h e r e  is  the  f ac t  that ,  whi le  a r e g u l a r  r e f l e c t i o n  is not p o s s i b l e  f o r  ~ > ~ , ,  a Maeh 
r e f l e c t i o n  is n e v e r t h e l e s s  p o s s i b l e  wi th in  a c e r t a i n  r a n g e  of a < (~, [7]. 

Inadequa te  i n v e s t i g a t i o n  of the  Mach  r e f l e c t i o n  and the l a c k  of even  s u p e r f i c i a l  a n a l y s i s  of the m a n y  
e f fec t s  p r e d i c t e d  b y  known f o r m u l a s  m a y  be ,  to  a c e r t a i n  ex ten t ,  due to  the  c o m p a r a t i v e  n e w n e s s  of th i s  
s u b j e c t ,  s i n c e  such  r e f l e c t i o n s  c a m e  to be u n d e r s t o o d  only a f t e r  the  p u b l i c a t i o n  of w o r k s  [8, 9]. I n c i d e n t a l -  
ly ,  the  f o r m u l a  d e f i n i n g  the  dependence  of the c r i t i c a l  ang le  on wave  i n t e n s i t y ,  g iven in the c l a s s i c  m o n o -  
g r a p h s  [7, 10], a r e  i n c o r r e c t ,  a s  no ted  by  K. E. Gubkin.  

An a n a l y s i s  of the [ funct ional ]  d e p e n d e n c e  a , (P0 /P l ,T)  fo r  the r a n g e  of 1 -~ T -< 3 is  g iven  below.  The  
g e n e r a l i t y  of r e s u l t s  is  l i m i t e d  b y  the  n e g l e c t  of the  (quant i ta t ive)  d e p e n d e n c e  of T on P0/Pt = ~- 

When a n a l y z i n g  the d e p e n d e n c e  of a ,  on the  i n t e n s i t y  of an i nc iden t  s h o c k  wave ,  it  is conven ien t  to  
r e p r e s e n t  the  i n t e n s i t y  a s  1/~ = Pl/P0- An a n a l y s i s  of the  [ funct ional ]  d e p e n d e n c e  a , ( y )  fo r  a s y m p t o t i c a l l y  
s t r o n g  shocks  (~ = 0) fo r  c e r t a i n  v a l u e s  of T is  g iven ,  e .g . ,  in [4]. 

The  a n a l y s i s  of th i s  d e p e n d e n c e  fo r  an a r b i t r a r y  i n t e n s i t y  of the  inc iden t  s h o c k  had  n e c e s s i t a t e d  a 

much  m o r e  t ho rough  e x a m i n a t i o n  of c a l c u l a t i o n  r e s u l t s .  

Equa t ion  

ax 3 -6 bx ~ -6 cx -6 d = 0 ,  x = tg  2 a , ,  ( 4 . 1 )  

which  can  be d e r i v e d  f r o m  the t h e o r y  of r e g u l a r  r e f l e c t i o n s ,  was  taken  a s  the  b a s i s  of c a l c u l a t i o n s .  H e r e  

a----T+l 

b = 2~ [(T --  i) ~ + (~" +1)] _ [(T - -  l) + (T + i) ~]~ 
(T + i )  ~ + (~ - -  i )  8"c ( i  - -  ~) 

c =  ('r - -  i )  [(.~ + i )  + ('r - -  i )  ~]~ _ [('r + i )  + (.~ - -  i )  ~1~ 
[(.~ - -  i )  + ('c + ] )  ~]~ 4"r ( I  - -  ~) 

d = - -  [(~ + i )  + (X-- t) ~1' 
s'r ( i  - -  ~) [('r - -  i )  + ('r + i )  ~1, 

The s u b s t i t u t i o n  y = x + b/3a t r a n s f o r m s  the input  equa t ion  into 

yS -6 3py -6 2q = 0 

w h e r e  
p = 3 a c - - b  2}9a 2, q =  ( b / 3 a )  3 -  bc]6a ~ - 6 d / 2 a  

The s o l u t i o n  of th i s  equa t ion  depends  on the s igns  of the  d i s c r i m i n a n t  D = q2 + p~ and of p a r a m e t e r  p. 
H o w e v e r ,  s i n c e  p and q a r e  f a i r l y  c o m p l e x  func t ions  of ~, n u m e r i c a l  a n a l y s i s  on a c o m p u t e r  was  s u b s t i t u -  
t ed  fo r  the  c u m b e r s o m e ,  if a t  a l l  p o s s i b l e ,  a n a l y t i c a l  so lu t ion .  
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T h e  r e s u l t s  of c a l c u l a t i o n s  of c~, = c~,(~) f o r  v a r i o u s  v a l u e s  of 7 a r e  shown  in the  F i g .  1, w h e r e  

c u r v e s  1 . . . . .  9 c o r r e s p o n d  to the  f o i l o w i n g  v a l u e s  of t he  a d i a b a t i c  e x p o n e n t :  

1 2 3 4 5 6 7 8 9 

T=t.00001 t.05 t.1 1.2 1..3 t .4 t.666667 2 3 

A s  e x p e c t e d ,  the  [ func t i ona l ]  d e p e n d e n c e  of c~,(~) f o r  T = 1.4 c o i n c i d e s  n u m e r i c a l l y  w i t h  tha t  g i v e n  in 
[10]. T h e  c a l c u l a t i o n s  s h o w  t h e  i n c r e a s i n g  e f f e c t  of t he  a d i a b a t i c  e x p o n e n t  on t h e  c r i t i c a l  i n c i d e n c e  a n g l e  

w i t h  i n c r e a s i n g  a m p l i t u d e  of  t he  i n c i d e n t  s h o c k .  T h u s  the  e f f e c t  of the  a d i a b a t i c  e x p o n e n t  i s  p a r t i c u l a r l y  

s t r o n g l y  p r o n o u n c e d  in s t r o n g  i n c i d e n t  w a v e s  in t he  c a s e  of o n e - d i m e n s i o n a l  ( n o r m a l )  a s  w e l l  a s  in t ha t  of 

" o b l i q u e "  ( i nc l i ned )  r e f l e c t i o n s .  (Note tha t  o~, = 89.6  ~ f o r  7 = 1 .00001 and  ~ = 0.) 

A f u r t h e r  r e m a r k a b l e  p r o p e r t y  s h o u l d  be  n o t e d .  It a p p e a r s  tha t  f o r  ~ = 0 .763,  and  i n d e p e n d e n t l y  of t he  
a d i a b a t i c  e x p o n e n t ,  w e  v i r t u a l l y  a l w a y s  h a v e  a ,  = 50.8  ~ 

In t h e  l i m i t  c a s e  of w e a k  s h o c k  w a v e s  t h e  p r o b l e m  c a n  be  a n a l y t i c a l l y  i n v e s t i g a t e d .  In f a c t ,  f o r  ~ -~ 1 
Eq.  (4.1) b e c o m e s  

2 (7  + 1) (t - -  ~)x a - -  7x~,--  27x - -  7 = 0 ,  (4.2) 

I ts  a p p r o x i m a t e  s o l u t i o n  c a n  be  w r i t t e n  in the  f o r m  

x - - - - [ 2 ( 1 - [ - t ] 7 ) ( 1 - - ~ ) ] - ~ .  

H e n c e  

a ,  = arc tg [2 (t -~ i ] 7) (t - -  ~)]- ' / , .  (4.3) 

E x p a n s i o n  of t he  r i g h t - h a n d  s i d e  of (4.3) in to  s e r i e s  in (1 - ~)l/2 y i e l d s  

a ,  ~- ~/2~ - - ] / 2 ( !  ~ t / y )  ( t  - - ~ )  , (4.4) 

c o r r e c t  to  w i t h i n  t he  f i r s t  t e r m  of the  e x p a n s i o n .  T h i s  s h o w s ,  in p a r t i c u l a r ,  tha t  a ,  d e p e n d s  r a t h e r  w e a k l y  
on % 

We f u r t h e r  n o t e  tha t  a t  t he  l i m i t  of s t r o n g  s h o c k s  (4 ~ 0) t he  c o e f f i c i e n t s  of Eq.  (4.1) d e p e n d  on ly  on 
T, and  a r e  r e d u c e d  to 

a --  y-[- t ,  b ---- 2 (T § l) ~ (7 --  l)~ 
7 - -  I 8T ' 

(3T + i) (T § i)~ d = (7 § 1), 
c =  4 T ( T - - i ) ~  ' - -  8~(7--1) ~" 

T h e  c a s e  of T = 1 o r  f = ~ ,  w h e n  c o m p r e s s i o n  in a s t r o n g  s h o c k  is i n f i n i t e l y  g r e a t ,  is  of  p a r t i c u l a r  
i n t e r e s t .  F o r  7 c l o s e  to  1 t he  e q u a t i o n  f o r  x = tan2c~, b e c o m e s  

~ 2 0 - (4.5) 2z a -[- x ~ ,-4- x - -  (7 - -  1)'~ - -  

It f o l l o w s  f r o m  (4.5) t ha t  f o r  7 ~ 1 it  can  on ly  be  s a t i s f i e d  w h e n  x = ~ ,  i . e . ,  w h e n  c~, = 1 / 2  ( for  any  

f i n i t e  x t h e  l e f t - h a n d  s i d e  of  t he  e q u a t i o n  w o u l d  t e n d  to - ~o H e n c e  a r e g u l a r  r e f l e c t i o n  o s  s u c h  s h o c h  i s  
p o s s i b l e  a t  any a n g l e  of i n c i d e n c e .  

This can be ascertained by considering the shock polar curve, which for M = ~ and f = ~ degenerates 

into a circle passing through the coordinate origin, thus ensuring the deflection of flow by any angle. 

1. 

2. 

3. 
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